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Abstract. 2001 the first version WARRANT-PRO-2 (0.1) has been presented, see
Breitner and Burmester (2002), which optimizes cash settlements for European
double-barrier options and warrants. From the viewpoint of financial mathematics,
some of the boundary conditions of the partial differential Black-Scholes equation
are parameterized. The Black-Scholes equation is solved with a numerical Crank-
Nicholson scheme and the parameters are optimized by nonlinear programming,
i. e. an advanced SQP-method. In the upgraded version WARRANT-PRO-2 (0.2)
an options deviation from a predefinable Delta (performance index) is minimized.
The global error order of the Crank-Nicholson scheme is now quadratic in time
(option’s time to maturity) and space (market price of the option’s underlying).
The gradient of the performance index is computed highly accurate with automatic
differentiation. Now a MATLAB-GUI (graphical user interface) allows easy evalu-
ation, design and visualization of options and warrants. WARRANT-PRO-2 (0.2)
and its GUI run stand-alone on LINUX PCs and laptops. Optimized options can
combine the advantages of futures and options. Delta can be made almost con-
stant for long periods and for a wide range of underlying market prices. Thus,
no Delta-hedge adaptation is required. Moreover, tedious margining is not neces-
sary. Optimized FEuropean double-barrier options are very interesting derivatives
for both buyer and issuer and can revolutionize modern financial markets, see also
www.iwi.uni-hannover.de/warrantpro2.html.

Keywords. Financial derivatives, options and futures, hedging tactics, Black-

Scholes-model, optimal control and optimization, automatic differentiation, partial
differential equations, software engineering and software quality.

1 Introduction

In comparison to future contracts todays options have advantages and disad-
vantages. Exemplarily the German stock index DAX 30 is taken as underlying.
Further on “DAX” is used for the XETRA spot rate of the German stock in-
dex DAX 30. DAX-future contracts, e.g. the EUREX FDAX, have a constant

profit/loss per DAX point, whereas the profit /loss per DAX point of common
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options varies undesirably with the DAX. An advantage of buying options
results from the immediate payment of the option premium. There are no fur-
ther payments during the life of the option. Similarly margin requirements
force a FDAX buyer/seller to pay an initial margin plus a safety margin im-
mediately. But in the event of adverse DAX movements the buyer/seller has
to meet calls for substantial additional margin and may be forced to liquidate
his position prematurely, see Breitner and Burmester (2002) for details.

Optimized European double-barrier options can combine the advantages
of futures and options. An European double-barrier option expires if the
DAX either hits the upper knock-out barrier DAX,,., or the lower knock-out
barrier DAX,,;, or if the option has matured.

2 Black-Scholes-Equation

The solution C(¢, p;r, o) of the well known Black-Scholes-equation

0 0 2282
atC’-l—rpa C+— apa2

C—rC=Ci+rpCr+- 02p2C’pp—rC’_O (1)
which is a linear, homogeneous, parabolic partial differential equation of sec-
ond order, yields a sufficiently accurate approximation of European DAX
option values, see Hull (2003) and Redhead (1997). The time is denoted by
t € [0,T], p € [DAXpin, DAX 1ax] denotes the DAX, r > 0 denotes the
risk-free interest rate per year for the maturity period, o > 0 denotes the
implied volatility of the DAX and T > 0 denotes the initial maturity period
at ¢ = 0. Note that ¢t and p are the independent variables in equation (1),
whereas r and ¢ are constant parameters. The most important option greek
Delta (symbol: A) is the first partial derivative of C(¢t, p;r,o) w.r.t. p. For an
European double-barrier DAX call the boundary conditions at p=DAXin,
t =T and p = DAX,,.x correspond to the cash settlements at the option’s
expiration. The option expires if either one of the knock-out barriers is hit,
i.e. p=DAX .« at the upper barrier or p = DAX,,;, at the lower barrier, or
if the expiration date is reached, i.e. t =T.

3 WARRANT-PRO-2 (0.2)

The development of WARRANT-PRO-2 started in 1999. Version 0.1 was
completed at the end of 2000, see Breitner and Burmester (2002). Primary
goal is to optimize cash settlements for European double-barrier options and
warrants. From the viewpoint of financial mathematics, the boundary con-
ditions of the partial differential Black-Scholes equation are parameterized.
Then the Black-Scholes equation is solved with a numerical Crank-Nicholson
scheme and the parameters are optimized by nonlinear programming, i. e.
by the advanced sequential quadratic programming (SQP) method NPSOL,



WARRANT-PRO-2 Software for European Double-Barrier Options 3

Fig. 1. GUI main window to control the inputs boundary conditions’ pa-
rameterization and interpolation, Agpe, single or multiple o, r, output 1-d.,
2-d. and 3-d. graphics (left), and inputs evaluation domain, optimization
domain, grid, optimization or simulation and RAM allocation (right).

see Gill et al. (2000). The performance index — to be minimized — is the
options deviation from a predefinable A, for a set of up to 8 volatilities,
see Breitner and Burmester (2002).

The development of version 0.2 started in spring 2002. In the upgraded
version various improvements are made and new features are implemented.
The kernel is still coded in ANSI FORTRAN 77 to assure portability, see
www.fortran.com for ANSI FORTRAN standards. Public domain and free-
ware ANSI FORTRAN 77 compilers are available for all computer platforms,
see www.fortran.com, too.

3.1 ANSI FORTRAN 77 Kernel

An upgraded Crank-Nicholson scheme is used, which is a combination of an
explicit and an implicit finite difference method, see Ames (1994), Hull (2003),
Prisman (2000), Seydel (2000) and Thomas (1998). With a time discretization
At and DAX discretization Ap the upgraded scheme is more accurate. The
absolute, global error of the numerical solution decreases faster by O(At?) +
O(Ap?) for max(At, Ap) — 0. The convergence of the upgraded Crank-
Nicholson scheme for all relevant ¢, p, r and o has been proven by the second
author in his diploma thesis.

The main memory (RAM) allocation is reduced by the choice of 9 differ-
ent, precompiled modes. Dependent on the fineness of the Crank-Nicholson
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Fig. 2. GUI window for a fine boundary conditions’ parameterization with
37 equidistant points. Box constraints for all parameters can individually
limit or freeze parameters during the optimization.

grid and the fineness of the boundary conditions’ parameterization the user
can limit the RAM allocation. For the parameterization 10 (rough), 19 (mod-
erate) and 37 (fine) equidistant points are available, see Fig. 1 upper left.
Different interpolation methods between the points are selectable: Linear,
(cubic) spline and (cubic) Hermite-spline, see Fig. 1 upper left, too.

The gradient of the performance index is needed in order to minimize
the performance index with the SQP method NPSOL. The gradient is now
computed highly accurate, i. e. with the Crank-Nicholson scheme’s accuracy.
Automatic differentiation — also called algorithmic differentiation — instead
of numerical differentiation is used, see Griewank (2000). Automatic differ-
entiation is concerned with the accurate and efficient evaluation of deriva-
tives for functions defined by computer programs. No truncation errors are
incurred and the resulting numerical derivative values can be used for all
scientific computations. Chainrule techniques for evaluating derivatives of
composite functions are used. Automatic differentiation today is applied to
larger and larger programs, e. g. for optimum shape design. In many such
applications modeling was restricted to simulations at various parameters
settings. Today, with the help of automatic differentiation techniques, this
trial and error approach can be replaced by a more efficient optimization
w.r.t. modes, design and control parameters, see also Hoffmann et al. (1999)
and Lions (1971). Alternatively computer algebra systems, e. g. MAPLE, see
www.maplesoft.com, can be used to calculate analytic derivatives for func-
tions. Here, based on the ANSI FORTRAN 77 code for the computation
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Fig. 3. Black-Scholes value of an European double-barrier option computed
by WARRANT-PRO-2 (simulated). The option has a target of 3500 DAX
points, i. e. the cash settlements are 0 Euro on the barriers, (p — 3000)*2
Euro and (4000 — p)*2 Euro, respectively.

of the performance index efficient ANSI FORTRAN 77 code for the gradi-
ent computation has been generated. For the code generation ADIFOR 2.0,
see www.cs.rice.edu/~adifor, has been used. The gradient of the performance
index can be computed relatively cheap in comparison to the numerical dif-
ferentiation used in WARRANT-PRO-2 (0.1).

Summarized the new ANSI FORTRAN 77 kernel is about 10 to 20 times
faster compared to the kernel of version 0.1. The robustness of the conver-
gence of the SQP method NPSOL has improved significantly due to the
significantly higher accuracy of the gradient. The reduced RAM allocation
enables the usage of older computers with only 32 or 64 MB RAM. Moreover
smaller problems can be stored completely in large level-2 or level-3 cache
memories (> 4 MB). If so, an additional speed up of 2.5 to 3 is gained.

3.2 GUI — Graphical User Interface

Modern software engineering techniques focus on software quality. Todays
software quality requirements primarily include efficiency, maintainability,
portability, functionality, reliability and user friendliness. On the one hand,
programming a user friendly GUI is very import for modern software, on
the other hand the GUI programming usually is very time consuming and
often a mandatory GUI reduces portability. A well-designed GUI should be
intuitively obvious to the user. Providing an interface between user and appli-
cation, GUIs enable users to operate the application without knowing com-
mands and/or formats required by a command line and/or file interface. Thus
applications providing GUIs are easier to learn and easier to use.

Tools for semi-automatic and fast setup of GUIs — also called rapid
application development (RAD) tools are a compromise, e. g. Borland
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Fig. 4. Black-Scholes value of an European double-barrier option computed
by WARRANT-PRO-2 (optimized). All parameters are unconstrained and
WARRANT-PRO-2 accurately computes the solution, compare the ana-
lytic solution calculated in Breitner and Burmester (2002).

Delphi 7 Studio Enterprise, see www.borland.com/delphi, or MATLAB
Release 13, see www.mathworks.com. For the WARRANT-PRO-2 (0.2) GUI
the MATLAB GUIDE and and MATLAB Compiler have been used to gen-
erate C and C++ code. The C and C++ code has been compiled and linked
with the MATLAB run-time libraries. A stand-alone executable for LINUX
PCs and laptops was built which calls the compiled kernel program. The
stand-alone application runs even if MATLAB is not installed on the end-
user’s system. Internal information flows via input and output files. The file
concept has the important advantage that the compiled kernel program of the
version 0.2 runs without GUI, too. Remote logins on LINUX compute servers
are possible for time-consuming computations. A stand-alone application for
WINDOWS computers can be compiled and linked analogously.

The GUTI has several windows: The main window, see Fig. 1, the boundary
conditions’ window, see Fig. 2, the multiple ¢ window and the 1-dimensional,
2-dimensional and 3-dimensional graphics windows, see Figs. 3 — 6. High
quality screenshots and details are available from the first authors WWW-
page www.iwi.uni-hannover.de/warrantpro2.html.

4 Examples

Unless originally designed to optimize cash settlements, WARRANT-PRO-
2 (0.2) proved to be very useful and comfortable also for the computation
of Black-Scholes values without optimization, see Fig. 3 for an option with
a target. The most important option greeks can be evaluated and plotted
easily, too. Optimized options are depicted in Figs. 4-6 and are explained in
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Fig. 5. Black-Scholes A of an European double-barrier option computed
by WARRANT-PRO-2 (optimized). The optimization domain is 3050 <
p < 3950 and 6 months < ¢ < 0.5 months. The cash settlement is 0 Euro
for p = 3000 DAX points and the other cash settlements are optimized.

the figure captions. In Fig. 4 a very interesting solution with A = 1 is shown
which also can be calculated analytically, see Breitner and Burmester (2002).

5 Conclusions

European double-barrier options are very flexible and powerful options which
can revolutionize modern financial markets. WARRANT-PRO-2, currently
an uncommercial software, proved to be an ideal tool to optimize the cash set-
tlements and to visualize an option’s Black-Scholes value and option greeks.
Moreover, for given cash settlements an option’s value and the option greeks
can be computed fast and comfortably. Interested readers can contact the
authors to get a freeware trial version of WARRANT-PRO-2 (0.2).
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Topics
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European double-barrier options (DAX calls);
Black-Scholes model for options;

A double-barrier DAX option example with a target;
Optimization of European double-barrier options;
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WARRANT-PRO-2 Release 0.2 (2002 - 2003);
“Perfect” European double-barrier DAX call;
Other examples;

Software demonstration (by Oliver Kubertin).
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European Double-Barrier DAX Call Options

e Call seller grants call buyer the right to purchase a
“DAX-like stock portfolio” at an a priori stipulated
maturity date (European style);

Besides the immediate call premium payment the buyer
has no (further) obligations;

The “DAX-like stock portfolio” price is a priori stipulated,
too (usually compensation instead of portfolio delivery);

Call seller has to pay the stipulated cash settlement to
call buyer, if the DAX spot rate hits the lower barrier
before maturity (premature expiration);

Call seller has to pay the stipulated cash settlement to
call buyer, if the DAX spot rate hits the upper barrier
before maturity (premature expiration).

9/3/03 # 4 Michael H. Breitner and Oliver Kubertin / Operations Research 2003 Heidelberg ! Z / i




Black-Scholes Model for Options
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risk-free interest rate per year for the maturity period,
implied volatility of the DAX he initi

FEuropean double-barrier DAX call the

The option expires if either one of the knock-out barriers is hit

. at the upper barrier or p = DAX, ;,, at the lower barrier, or
M. H. Breitner and O. Kubertin, Paper submitted for the Proceedings book of the Operations Research 2003 Heidelberg, p. 2.
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Example with a target of 3500 DAX points

Target: 3500 DAX points
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" 9/2/03: DAX = 3571,
-5::- expiration date = 3/2/04,
= volatility 0.20,
premium approx. 230 €
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: MATLAB (R 13) and WARRANT-PRO-2 (0.2)
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Option Premium Versus Volatility
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Graphics: MATLAB (R 13) and WARRANT-PRO-2 (0.2)
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Option Premium Versus Volatility
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Graphics: MATLAB (R 13) and WARRANT-PRO-2 (0.2)
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Initial Premium Versus Volatility

9/2/03: DAX = 3571,
expiration date = 3/2/04,
volatility 0.20,

premium approx. 230 €

9/2/03: DAX = 3571,
expiration date = 3/2/04,
volatility 0.41,

premium approx. 28 €

Graphic: MATLAB (R 13) and WARRANT-PRO-2 (0.2)
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Knock-Out Option without Upper Barrier

Snapshot

WKN 739659 - HEBELPRODUKT LONG AUF DAX

VKN (Basiswert): 846900 Basiswert: DAX- DEUTSCHER AKTIEMINDEX (PERFORMANCEINDEX) ISIN:  DEDO07396590
Typ: Laeng Laufzeit: 10.12.03 Bez.-Verh.: 0,010 Strike: 2.000,00

Stammdaten Kursdaten
Emittent: Deutsche Bank
Wahrung: EUR

€EUWAX Realtime-Quote: (29.08, 19:59)

Barrier erreicht: Geld in EUR: 15,12

Briefin ELR: 15,15
CashiEffektiv: Cash Emissionspreis: n.a
Borsenplatze: FRASTU Spread: (01.09., 03:37)

Absolut

Homogenisiert

Relativin % des Briefkurses

Bemerkungen Kennzahlen

Ein Call-Optionsschein mit Knock-Out ermaglicht dem Anleger, Hebel (Briefkurs):

Uberproportional an der Entwicklung des Underlyings zu Aufgeld (Briefkurs):

partizipieren. Die dabei entstehende Hebelwirkung istumso grier,  Apstand zur Barrier:

je naher die Barrier am Ausgangskurs des Underlyings liegt und je in EUR 142458
geringer der Kapitaleinsatz damit wird. Falls das Underlying in% 42 60%
allerdings wahrend der Laufzeit zu irgendeinem Zeitpunkt (auch
intraday) die Barrier berihrt oder unterschreitet, verfallt der Schein
wertlos. Ansonsten erfolgt eine Rickzahlung in Héhe von

RealP
Source: www.onvista.de
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Knock-Out Option without Upper Barrier

mm HEBELPRODUKT LONG ALF DAX in Prozert
m DAY - DEUTSCHER AKTIEMINDEX (PERFORMANCEIMNDEX)

200 %
180%
160 %
140 %
120%
100 %
80 %
G0 %
0%

20%
Sep Okt MNov Dez 2002 Feb Mar Apr Mai Jun Jul  Aug Sep

Source: www.onvista.de
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Knock-Out Option without Upper Barrier

m HEBELPRODUKT LONG AUF DAX

Sep Okt Mow Dez 2003 Feb Mar Apr Mai  Jun  Jul
Source: www.onvista.de
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Optimization Goals

Both call sellers and buyers favor options with constant or
only slightly varying Delta, i. e. an easy hedging w. r. t.

changes of p, o and t;

Call buyers usually favor a comparably low premium,
i. e. high leverage;

Call sellers often favor a comparably high premium;

Both call sellers and buyers favor wide barriers, i. €. an
unlikely knock-out of the option (after a knock-out the option
contract can rolled forward possibly automatically).
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System and
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Software Quality Requirements
Functionality Reliability User friendliness

Stability Learning effort
Suitability

Correctness 3
Error tolerance Documentation

Interfaces

Adequacy Restart ability Ergonomics

Quality,
software

System behavior Changeability Installation
Resources Readability Compatibility
Testability Convertibility

Performance Maintainability Portability
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WARRANT-PRO-2 (0.2): Main Window

farrant Pro
Exit Font Saveworkspace Load workspace Mare parameter

Warrant Pro 2
(Release 0.2)

Boundary conditions (input): Domain (input):

NumBer of points 5_thax: [ eaw

37 (fine) 5_tmin

T: (montr) s
Interpolation method

Grid resolution
Linear and optimization
subdomaine:

Constant values (input):

Detta (intended):
Siga:

Interest rate

Multiple sigina (optional)

Premium and
option gresks {output):

Variables and memory:

<=37 High -

Run

Premium+ Plot (30)

Plot (2D) Walue (1D)

Flot (2D)
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WARRANT-PRO-2 (0.2): Main Window

farrant Pro
Exit Font Saveworkspace Load workspace Mare parameter

Warrant Pro 2
(Release 0.2)

Boundary conditions (input): Domain (input):
Number of paints: 5_thax: ,T
37 (fine) 5_min
T: (month)

Interpalation methoe:

Linear

Exit Font Plot (3D, t=const)

Constant values (input): Sigpnastep Sigma to plat:

Delta (intended): 003 020

Sigma:

Interest rate Weight 1 Weight 5

Multiple signa (aptional) Lot Weight B

Weight 3 Weight 7

Weight 4: Weight

Premium and
option gresks {output):

Variables and memory:
<=37 High -

Run

Premium+ = Plot (30}

0 Plot (20) | “alue (10)
0 Flot (2D)

@ )0
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Evaluation Domain and Parameterization
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fine and moderate

Time to maturity
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Evaluation domain and points for the fine,

moderate and rough parameterization

of the boundary conditions

Linear, cubic spline or

== cubic Hermite spline T

interpolation available =Y
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33004 3401 3500 600 #8700

Price of underlying

o
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Graphic: MATLAB (R 13) and WARRANT-PRO-2 (0.2)

Evaluation Domain and Parameterization

Time to maturity
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Evaluation domain and

optimization domain

£l

3200

k4
33008 340 3500 600
Price of underlying
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Graphic: MATLAB (R 13) and WARRANT-PRO-2 (0.2)
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Overview WARRANT-PRO-2 Highlights

User and programmer documentation and various ready to
use examples (R 0.1 and 0.2);

Portable ANSI FORTRAN 77 kernel (R 0.1 and 0.2);
Input and output files interface concept (R 0.1 and 0.2);

An option’s deviation from a predefinable Delta (> 0 or

< 0) is the performance index and is minimized (R 0.1

and 0.2);

Boundary conditions’ parameters are optimized by nonlinear
programming, i. e. the advanced sequential quadratic
programming (SQP) method NPSOL developed by P. E.
Gill et al. (R 0.1 and 0.2);

9/3/03 # 23 Michael H. Breitner and Oliver Kubertin / Operations Research 2003 Heidelberg ! Z / i

Overview WARRANT-PRO-2 Highlights

Terminal control without GUI (graphical user interface),
e. g. on LINUX, UNIX or WINDOWS compute servers (R 0.1
and 0.2);

User friendly, stand alone GUI for LINUX (R 0.2,
WINDOWS in preparation);

High quality MATLAB graphics (R 0.2);

Graphics for the most important option greeks (R 0.1 and
0.2);

9/3/03 # 24 Michael H. Breitner and Oliver Kubertin / Operations Research 2003 Heidelberg ! Z / i




Overview WARRANT-PRO-2 Highlights

Black-Scholes equation is solved with a very fast and very
accurate numerical Crank-Nicholson scheme (finite
difference implicit/explicit method) with quadratic global
error convergence with space and time discretization
refinement (R 0.2);

The gradient of the performance index is computed highly
accurate and fast with automatic/algorithmic
differentiation using ADIFOR 2.0 developed by M. W.
Fagan et al. (R 0.2);

RAM allocation adoption (R 0.2);

“Small problems” need large level-2 or level-3 caches (4 MB —
8 MB) only (R 0.2);

9/3/03 # 25 Michael H. Breitner and Oliver Kubertin / Operations Research 2003 Heidelberg ! Z / i

Overview WARRANT-PRO-2 Highlights

All cash settlements, i. e. boundary conditions of the
Black-Scholes equation, are optimizable (R 0.2);

Very robust and very fast convergence, i. e. P4 2 GHz
computing times < 15 seconds and < 5 minutes for
simulation and optimization, resp., for all examples (R 0.2);
Rapid evaluation/simulation and design/optimization
of (almost) all barrier and plain vanilla options (R 0.2);

Call type, put type and mixed type options (R 0.2).
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DAX Call with Constant Delta (Strike 5000)
DAX i = 5000, DAX 0 = 10000, Ay = 0.5

of the Black-Scholes-Equation, in

. (2002): Optimization of European
ds.), Operations Research ‘01, 167 — 174, Springer, Berlin

Graphic: Breitner, M. H., and Burmester,

6000

9/3/03 # 27 Michael H. Breitner and Oliver Kubertin / Operations Research 2003 Heidelberg

3

DAX Call with Constant Delta (Strike 5000)

(t, 0,7T] x [DAX i, DAX Cpp =0.E (1) simplifies

Ctape (1:237) = Aopi (p = DAXiin ™ (T0), (2)

i.e. the anticipated future DAX volatility has no

(3)
C oy (t,p=DAXmin; 7)=Aops DAX min (1_e—T(T—t>) for t€[0, 7] and  (4)

CAopt (ta b= DAXmax§ r):Aopt (DAXmax_ DAXmin e—r (T_t)> fOY tE [0, T[(5)

Dealing with
conditions.

See Breitner, M. H., and Burmester, T. (2002): Optimization of European Double-Barrier Options via Optimal Control of the
Black-Scholes-Equation, in Chamoni, P., et al. (Eds.), Operations Research ‘01, 167 — 174, Springer, Berlin
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Optimized DAX Call (Strike 3000)
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Graphic: MATLAB (R 13) and WARRANT-PRO-2 (0.2)
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Optimized DAX Call (Strike 3500)
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Optimized DAX Call (Strike 3500)
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